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CHAPTER 1

Introduction

Let Q be a nonempty subset of the complex plane C. By H(2) we shall mean
the set of all analytic functions on €.

There are several additional structures that can be applied to this set. We can
define addition and scalar multiplication on H(2) in the obvious fashion: for f, g
in H(Q) and X\ € C define functions f + g and Af by

(f+9)(z) = f(z)+ g(2);
AR =A-fz)  (2€9).

Thus, H(Q) becomes a linear space over the field of complex numbers.

Next, we can define a topology on H () as follows. A sequence fi, fa, ... of
functions in H(Q) is said to converge locally uniformly to a function f € H(Q) if,
for every compact subset K of €2, the sequence f1, f2, ... converges to f uniformly
on K. It can be shown that there exists a metric d on H(2) such that

fn KA f if and only if fn — [ locally uniformly.

Furthermore, the space H(f2), when endowed with this metric, becomes a complete
metric space.

When people speak of H(2), they usually view this set as a linear space with
the topology defined above. There are, however, other possible topologies, and this
is where things start to get interesting.

Consider the space of all functions in H(Q2) that are square-integrable with
respect to the Lebesgue measure. This space is usually denoted by A(2). On
this space we have two topologies: the topology of locally uniform convergence,
inherited from H (), and the so-called L?-topology, generated by the norm

191 = ([ 12 an)*”

(Here X\ denotes the Lebesgue measure on §.)

It turns out that the L?-topology and the topology of locally-uniform conver-
gence are related. The key to this is the following rather amazing inequality, or
rather set of inequalities:

for every compact subset K of {2 there exists a constant C' €
[0,00) such that

7)< C-/Q|f\2d)\ for all f € H(Q).

This means that every sequence in A(Q2) that converges in the L?-topology
also converges locally uniformly. This phenomenon is typical of analytic functions.
Nothing even remotely like this is true in the general theory of L2-spaces.

One can prove that the space A(§)), when viewed with the L2-norm, is a Hilbert
space. (In fact, this paper contains just such a proof.) Hilbert spaces of analytic,
square-integrable functions are called Bergman spaces, after S. Bergman, who was
one of the first to make a detailed study of such spaces. Bergman spaces turn
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1. INTRODUCTION 3

up in various branches of mathematics. Historically they have been used to attack
problems related to conformal mapping, certain extremal problems, and differential
equations. For instance, see [3], and [4]. The focus in the study of Bergman spaces
appears to have shifted away from applied mathematics into operator theory, see
[1] for a fairly recent example.

In this paper we are mostly interested in measures that are like the Lebesgue
measure in that they satisfy inequalities similar to the above. To honour Bergman
(and, to be honest, more importantly to make this paper a bit more readable) I
will call these measures Bergman measures. It should be noted that this is not a
term that is used in the literature.



CHAPTER 2

Examples of Bergman Measures

In this chapter, we define Bergman measures. We prove a simple lemma that
enables us to construct a lot of these measures.

DEFINITION. Let Q2 be a nonempty open subset of the complex plane C. Let
1 be a measure on the Borel-o-algebra of €). Let us call the measure u a Bergman
measure if the following two conditions are satisfied:

(i) p(F) < oo for every compact subset E of ;
(ii) for every compact subset E of € there exists a constant C € [0, c0) such
that

|f(z)|2 SC-/|f|2du for all z € E and every f € H(Q).
Q

A measure that satisfies (i) (but not necessarily (ii)) is sometimes called a
Radon measure or a Borel measure. In this paper there are several proofs that
certain measures are Bergman measures. Each such proof contains two parts: a
part that proves (i), which is usually very trivial, and the interesting part, which
proves (ii).

It is possible, in theory, to study measures that satisfy (ii) but not (i). In
practice however nearly every measure that is encountered already satisfies (i),
therefore it does not hurt incorporating it into the definition. Also the theorems
become slightly better-looking this way.

There are a lot of Bergman measures. For example, the Lebesgue measure is
one. To see that we need the following crucial lemma. The lemma also helps to
construct other Bergman measures.

LEMMA 2.1. Let Q be an open subset of C. Let z € Q, r € (0,00) such that
A, (z) C Q. Let f € H(Q). Then

2 1 9
|f(2)] < — ZT.(z)|f| .
PRrROOF.
T 27 r
= i0 _ . s
/AT(Z)fd)\—/O p/o f(z+ pe )dedp_/o p-2rf(z)dp = mrf(2).

Using the Cauchy-Schwarz inequality for integrals, we see that

2
/ fdr
B.(2)

s/ |f|2d)\-/ 1d\
A(2) A (2)
=7r7"2/ |£]? dA. O

Ay (z)

2 f(2)|* =

THEOREM 2.2. Let  be a nonempty open subset of C. Then the Lebesgue
measure on S is a Bergman measure.
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PROOF. Let E be a compact subset of . Clearly, A(E) < oo. Define the
number R as follows:
R=inf{|z —w|:z€ E,weC\Q}.

Then R > 0. (The number R may be infinite in some degenerate cases but this
does not affect our argument.) Choose a number r € (0, R). Then

An(2) CQ for every z € F.
Let z € E, f € H(Q2). Then
2 1 9
< = dA.
}f(zﬂ = 2 ZT(z)|f|

We now make an extraordinarily crude estimate by noting that

l/ 'deASL/'de*
A(2) Q

£GP < o 172

But this is exactly what we need to prove that A is a Bergman measure. O

r

Thus,

Before we proceed with more general examples of Bergman measures we need
to make a few preparations.

DEFINITION. For any nonempty subset X of the complex plane, define a func-

tion
dx:C — [0,00)
as follows:
dx(z) = inf{|]z —w| : w € X}.

The number dx(z) represents the distance from the point z to the set X,
informally speaking.

LEMMA 2.3. Let X be a nonempty subset of C. Let zq4 € C, zo € C. Then

|dx (22) — dx (21)| < |22 — 21].
PROOF. Let € € (0,00). There exist wy,ws € X such that
|lz1 —w1| < dx(z1)+e
and
|22 — U}2| < dx(Zg) +e.
We then have
dx(z2) —dx(z1) < |22 —wi| — |21 —w1| + & < |2o — 21| + &,
and
dx(z1) —dx(z2) < |21 —wa| — |20 — wa| + & < |21 — 22| + €.
It follows that
|dx(22) - dX(Z1)‘ <|zg—z1|+e

for every € > 0. But this is only possible if |dx (22) — dx (z1)| < |22 — 21]- O

COROLLARY 2.4. For every nonempty subset X of C the function dx is con-
tinuous.

COROLLARY 2.5. Let E be a nonempty, bounded subset of C. Let r € (0,00).
Let
F={2ecC:dg(z) <r}.

Then F is compact.
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PRrROOF. Because F is bounded, F'is bounded. Because dg is continuous, F' is
closed. Hence F' is compact. O

THEOREM 2.6. Let Q be an open subset of C, and let w: Q — (0,00) be a
continuous function. Then the measure w\ is a Bergman measure.

PROOF. The proof is roughly the same as the proof that the Lebesgue measure
is a Bergman measure, except that we now have the weight function w to deal with.
Let E be a compact subset of €. Since the function w is continuous, it is bounded
on F, hence wA(E) < oco. We are done if we can find a constant C' € [0, 00) such
that

1£(2)| < C’~/|f|2dw/\ for all z € E and all f € H(Q).
Q

We may assume that E is not empty. Again let
R=inf{|z —w|:z€ E,weC\Q}.

Choose a number r € (0, R). Let

F={zeC:dg(z) <r}.
Then

ECFCQ.

Since the set F' is compact (see above) and the function w is continuous, there exists
a number ¢ € (0, c0) such that

w(z)>46 for all z € F.

Let z € E, and f € H(Q2). Then A,(z) C F. Hence

/ P oA > 6/ 12 dA,
ZT(Z) ZT(Z)

and

P < — [ 1f2a

2 [—
r AL (2)

1 / ,
< fIFdwA
(571'7“2 Zr(z)| |
1
< 2 dw. O
A

The previous theorem shows that a continuous, strictly positive weight function
gives rise to Bergman measures. It turns out that the weight function may even
vanish on certain parts of its domain, as long as it is nonzero ‘sufficiently often’
near the boundary of the domain.

THEOREM 2.7. Let Q be a nonempty open subset of C. Let w: Q — [0,00) be a
measurable, locally integrable function. Let Eg be a compact subset of ) such that
the function w is continuous on Q\ Ey and

w(z) >0 for all z € Q\ Ey.
Then w is a Bergman measure on 2.

PROOF. Let E be a compact subset of 2. Since the function w is locally
integrable, wA(F) < co. Next, we try to find a constant C' € [0, 00) such that

|f(z)|2 < C~/|f|2dw/\ for all z € F and all f € H(Q).
Q
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Consider the set £ U Ey. This set is also a compact subset of €. If we can find a
constant for the union of £ and Ejy, then certainly that constant will also do for
itself. In other words: we may assume that

Ey CE.
Furthermore, we may also assume that the set E is not empty. Once again, let
R=inf{|z —w|:z€ E,we C\Q}.
Choose a number r € (0, R). Define the set F' as follows:

F:{ze(C:dE(z)gl }

57"
1
F’—{zG(C:4T§dE(z)§ir}.
The set F' is also compact, and OF C F’. Furthermore, because Ey C E,

F' CQ\ Eq.

Since the function w is continuous on Q\ Ey, there exists a number ¢ € (0, c0) such
that

Clearly, the set F' is compact, £ C F, and

N =

8F:{zeC:dE(z):

Let

w(z)>§  forall z € F'.
We have
Ay (z) CF' forall z € OF.

Let z € E, f € H(Q?). The point z is also a member of the set F'. From the
maximum principle, applied to the function f2, it follows that there exists a point
w € OF such that

£ < |Fw)].
Now,
/ F[2 duw > 5/ ]2 dn,
Z%,\(w) Z%T(w)
and
Fw))® < 28 |12 A

2 |—
T JAL (w)
4

16 )
57’1’7’2 /A1 (w)|f| dW)\

Putting everything together, we see that
16
f2)| < /\f|2dw)\. O
Q

— dmr?

The above proof rests on two observations. For every compact subset of {2
one can construct a ‘ring’ inside {2 around that subset that is also compact and on
which the weight function is well behaved. Using the maximum principle one can
then ignore what goes on in the original subset, and inspect what goes on in the
ring instead.

We can take this idea one step further.
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THEOREM 2.8. Let Q be a nonempty open subset of C. Let w: Q — [0,00) be a
measurable, locally integrable function that is such that there exists a sequence Ey,
Ey, Es, ... of subsets of Q) and a sequence ag, a1, as, ... of numbers such that
E,, is compact and not empty for alln € N,

E, CE; . foralln €N,

UnEN En = Qf

an >0 for allm € N,

w(z) > ay for alln € N and all z € E3, | \ Ea,.

Then the measure wA is a Bergman measure.

PrROOF. Let E be a compact subset of (2. Because the function w is locally
integrable, wA(E) < co. There exists a number n € N such that
ECEs;,.
Let
r=inf{|z —w|: 2z € Eap,w € C\ E5, ., }.
Because F, C E3, .., we have r > 0. Also, r < oo, because the set 3, is not
empty. Let

DN | =

F = {z €C:dg,, (2) <
Then
ECF
and o
Ay (w) C E3, 0\ B2 for all w € OF.
Let z € E, f € H(Q). Then z € F. From the maximum principle, applied to

the function f2, it follows that there exists a w € OF such that }f(z)|2 < |f(w)|2
Then

2 2
|F(2)] < |f(w)]
1
< —62 |f[? dA
T JAL (w)
4
16
< 2/ |f|? dw
aAnTT er(w)
4
1
< 62/|f|2dw>\. O
AnTT Q

The idea behind this is that we slice our set €2 into infinitely many compact
rings that together make up our original set. If the weight function stays a certain
distance away from zero on every other ring, we get a Bergman measure, even if
the function vanishes everywhere else.

ExXAMPLE. Define a function w on A as follows:

w(z) = {1 if [1%‘2‘] is even;

0 otherwise.

Then wA is a Bergman measure.



CHAPTER 3

Properties of Bergman Measures

In the previous chapter we have collected a large number of Bergman measures.
Now we will try to prove some theorems about these measures.

Thus far, every measure we have inspected has turned out to be a Bergman
measure. One may wonder whether there are in fact measures that are not Bergman
measures. In fact, the zero measure is not a Bergman measure. This follows at once
from the following.

LEMMA 3.1. Let Q be a nonempty open subset of C, and let pn be a Bergman
measure on ). Then

w(§2) > 0.

PROOF. Choose any point z € §2. Since the set {z} is compact, there exists a
constant C' € [0, 00) such that

1§C~/1d,u:C~,u(Q).
Q
But this is only possible if () > 0. O

All Bergman measures we have constructed in the previous chapter live near
the boundary of their domain (to use a dodgy metaphor.) It turns out that this is
a fundamental property that is shared by all Bergman measures. This is expressed
by the following theorem, of which the above lemma is a special case. While the
above lemma gives us a rather trivial example of a non-Bergman measure, the next
theorem will provide us with very many, very nontrivial examples.

THEOREM 3.2. Let ) be a nonempty open subset of C. Let i be a Bergman
measure on (). Let E be a compact subset of Q). Then

w(\ E) > 0.
PROOF. The case when the set E is empty is taken care of by the previous
lemma. So we can assume that F is not empty.
Suppose, u(2\ E) =0.
Choose a point zp € Q\ E. Let

R =sup{|z — 2| : 2 € E}.

Since the set E is compact and not empty, 0 < R < co. Also, because E is compact
and €2 is open, there exists a point z; € €2 such that

|z1 — z0] > R.
The set {z1} is compact. There exists a constant C' € [0, 00) such that
Fef < [IfPde forall f e HO).
Q
Let n € N. Applying the previous inequality to the function
5 zZ— 20 "
—
R b)

9




3. PROPERTIES OF BERGMAN MEASURES 10

we see that

2n 2n
21 — 20 Z =20
— <C- d
< /Q I 1(2)
2 — 2 2n 2~ 2 2n
=C- / du(z +/ — | du(z
(E wt| e [ PR e
-2 2n
=C- d
TR p(z)
<C-u(E)
Let z = | (21 —zo)/Rf. Since u(E) < oo, the sequence x, 2%, z3, ... is bounded.

But that can’t possibly be true, because x > 1.
The assumption that u(Q\ E) = 0 leads to a contradiction. So u(Q\E) > 0. O

The central idea in the proof is that we can construct a sequence of functions
that are uniformly bounded on a compact subset, but that ‘explode’ on a certain
point outside of that subset.

Another application of this idea is the following.

THEOREM 3.3. Let Q be a nonempty open subset of C. Let p be a Bergman
measure on Q. Let h € H(Q). Let the set

X ={2€Q:|n(2)| >1}
be such that
@\ X) < oo
and
w(X) =0.
Then X 1is empty.

PROOF. Let z € . We are done if we can show that |h(z)| < 1. Choose a
constant C' € [0, 00) such that

Iﬂ@FSClLUFM for all f € H(S).

Let n € N. Applying the previous inequality to the function A", we have

(=) < C~/Q|h”|2d,u

=C- R dp
O\X
<C- 1du
o\X
=C-u(Q\X).
Since p(Q2\ X) < oo, the sequence n — h™(z) is bounded. But that is only possible
if |h(z)| < 1. O

The theorem above can help us show that certain subsets cannot have measure
zero, by constructing appropriate functions.

ExXAMPLE. Let o be a Bergman measure on the unit disc. To simplify matters
we assume that p is finite.
Let r € (0,1).
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Define a function f on the unit disc by
1+2
f) =
Let D; be the disc with centre 1 — r and radius r. Then D; touches the unit
circle at 1. The function f maps D; onto the half-plane {w € C: Rw > 1/r — 1}.
Define the function hy € H(A) by

hi(z) = exp(f(2) — (1/r — 1)).

It is obvious that, for every z € A,

|h1(2)] > 1 < z€ Dy.

It follows that p(D;) must be nonzero.

Consider the sector Dy = {z € Dy : —7/4 < arg(l — z) < w/4}. Using
elementary calculations one can show that the reverse image under f2 of the half-
plane {w eC:Rw > (1/r — 1)2}, which is a nonempty set, is wholly contained
within Ds. Using the function

ha(2) = exp(f3(2) — (1/r — 1)%)
we see that p(Dy) must be nonzero.

In fact we can go one step further. Let D3 be the sector {z € Dy : —7/6 <
arg(l — z) < 7/6}. Then the nonempty reverse image under f3 of the half-plane
{we C:Rw > (1/r —1)3} is wholly contained within D3. Again we see that
/L(D3) > 0.

We see that we can find sectors that have nonzero measure with ever smaller
angles, up to 7/3, simply by increasing an exponent. Unfortunately this procedure
breaks down at exponent 4. The reverse image under f* of a half-plane is no longer
contained within a sector with angle /4.

It is still true, however, that the measure of each sector at the unit circle must
be nonzero. One can construct an entire function that is bounded, except on a
horizontal strip (see [2]). Using appropriate variations of this function one can
show that each sector at the unit circle must have nonzero measure. Unfortunately
the construction of this function is far from elementary and far beyond the scope
of this paper.

Next, we prove two generalisations of lemma 3.1 and theorem 3.2.

LEMMA 3.4. Let Q be a nonempty subset of C. Let p be a Bergman measure
on Q. Let g € H(Q) be such that

/Igl2 dy = 0.
Q

PROOF. Let z € Q. The set {z} is compact, hence there exists a C € [0, 00)
such that

Then g = 0.

2
s < [ o du
But that means that g(z) must be zero. (]

THEOREM 3.5. Let ) be a nonempty, connected, open subset of C. Let u be a
Bergman measure on Q. Let E be a compact subset of Q. Let g € H(Q) be such

that
/ |9 dp = 0.
O\E

Then g = 0.
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The proof is similar to that of theorem 3.2, with a slight twist.

PrOOF. We have just proved this theorem in case the set E is empty. So now
we may assume that E is not empty. Let zp € Q\ E. Let

R =sup{|z — 20| : 2 € E}.

Then 0 < R < 0.
Let z € Q be such that |z — zg| > R. The set {z} is compact. Hence, there
exists a constant C' € [0, 00) such that

F@F < [IfPan  forall £ e (@),
Q
Let n € N. Then
zZ— 20 " w — 2o "
(7 el =[5
- ) w — 2o n.
=¢ E< R ) 9(w)

gcnmm-émﬁwwo

(7) s

for each n € N, where k is some finite constant. But that is only possible if g(z) = 0.
The function g vanishes on the set {z € Q : |z — z9| > R}. This set is open and
not empty. Since () is connected, g must vanish everywhere. O

2 2

dp(w)

2
dp(w)

We see that )

<k

The theorem is somewhat blemished by the fact that we now suddenly require
the set Q to be connected. In fact the theorem is true for any open subset of C.
To see this we need the following lemma.

LEMMA 3.6. Let Q be a nonempty open subset of C. Let pu be a Bergman
measure on ). Let Q' be a component of Q. Then the restriction of u to ' is a
Bergman measure on §Y'.

PROOF. Let u' be the restriction of u to 2'. Let E be a compact subset of €)'
Obviously, p/(E) < co. There exists a constant C' € [0, 00) such that

Iﬂafgclévﬁw for all f € H(Q).

Let g € H(Y). Define a function g on € as follows:

g(z):{g(z) if z € Q5 (zeQ)

0 otherwise.

Then g € H(Q?). Let z € . Then
2 ~ 2 ~
l9(2)” = [3(2)]| SC-/QIQIQCZM=C~/Q/\gl2du’~ O

THEOREM 3.7. Let Q be a nonempty open subset of C. Let p be a Bergman
measure on ). Let E be a compact subset of Q). Let g € H(QQ) be such that

/ 91> dp =0
Q\E
Then g = 0.
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PROOF. Let z € Q. Let G be the component of 2 that contains z. The
restriction of p to G is Bergman measure on G. Since F N G is compact, and

/ l9/*du =0
(Q\E)NG
it follows that g(z) = 0. O

The following result is much deeper.

THEOREM 3.8. Let Q be a nonempty open subset of C. Let p be a Bergman
measure on . Let E be a compact subset of 0. Then there exists a constant
c€[0,1) such that

[iPduse [I7Pde fora f e HE.
E Q
The following proof can be found in [1].

PROOF. Suppose, such a constant does not exist.
Then there exists a sequence of functions fi, fa, f3, ... in H(2) such that

1
/|fn|2du> (1—)/|fn|2du for each n € N*.
E n Q

Then, for each n € N*,
0< /|fn\2du<oo.
Q

Define another sequence g1, g2, g3, ... as follows:
1

2
Let n € N*. Then
/lgn|2 dp =1,
Q
1
[laaP =12,
E n

1
/ g2 < L.
O\E n

lim [ |gn|*dp =1,
n—oo E

and

Hence

It follows that

and
lim |gn|? dp = 0.
n— oo Q\E
The sequence g1, g2, g3, ... is locally uniformly bounded, and hence has a
locally uniformly converging subsequence gp,, gny; Gng, - --- Let

=1 .
9= Jim g,

Then g € H(?). By dominated convergence,

/\gl2du= lim /IgnkIQduzL
E k—oo JE

but Fatou’s lemma says that
/ |9 dp = 0.
Q\E

It follows that g = 0, and hence 0 = 1. But that is absurd. U
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The above theorem states that the integral of the square of a function over a
compact subset always stays a certain distance away from the overall integral.

The following result is presented as a corollary, but it is in fact equivalent to
the above. (In fact in [1], the above proof is used in a proof of 3.9.)

COROLLARY 3.9. Let Q be a nonempty open subset of C. Let yu be a Bergman
measure on . Let E be a compact subset of . Then there exists a constant
C € [1,00) such that

[istanzc [ (ifde foranf e H@)
Q O\E

PROOF. Let ¢ € [0,1) be such that [, |f[*du < c- [,|fI*dp for all f € H().
Let f € H(Q2). Then

(
/Qlflzduz/Elfgdu+/Q\E|f|2dusc-/g|f|2du+/Q\Ef|2du.

1
/‘f|2§1f/ |17 dp. U
Q CJO\E

The above can be used to construct more Bergman measures. In fact, it is now
easy to prove the following.

Hence,

THEOREM 3.10. Let €2 be a nonempty subset of C. Let i be a Bergman measure
on . Let v be a measure on Q) that is such that there exists a compact subset Ey
of Q such that

V(Eo) < o0
and
v(X) = p(X) for every measurable X C Q\ Ey.

Then v is a Bergman measure. In fact, there exists a constant C' € [0,00) such
that

/|f|2d,u§C/|f|2d1/ for all f € H(Q).
Q Q

PROOF. Because v(Ep) < oo and p and v are the same outside of Ey, the
measure v has the property that v(E) < oo for every compact E C Q.
By corollary 3.9, there exists a C € [1, 00) with

/|f|2du§0~/ Ifldn  forall f € H(Q).
Q Q\ Eo

Choose such a C. Let f € H(2) Then, again because the measures p and v agree

outside Ej,
[oiau= [ P
Q\Eo Q\Eo
hence
[lrtdnsc: [ 1P
Q Q\Eo
<C- |fI? dv
Q\Eo
<C- / |f|? dv.
Q
Since p is a Bergman measure it follows easily that v is one too. O

Note that the above theorem yields another, completely different, proof of
theorem 2.7.



CHAPTER 4

The Bergman Space and the Bergman Kernel

DEFINITION. Let o be a Bergman measure on a nonempty open set 2. We
define the linear space A(, p1) as follows:

A = { e @) [1ffan< o).

In other words, A(Q, ) = H(Q) N L2(p).
For f,g € A(Q, i), define

(o) = [ f-adn

We have already seen that a function f for which (f, f) = 0 must be zero, so (, )
is an inner product on A(, ). This enables us to define a norm on that space.
For f € A(Q, ), define

11l = VS, £)-

When we talk about things like ‘converging’, ‘completeness’, etc. in A(L, u) we
will view the space with the norm defined above, unless explicitly stated otherwise.

THEOREM 4.1. Let Q be a nonempty open subset of C, and p be a Bergman
measure on ). Then the space A(Q, u) is complete.

PROOF. Let f1, fa, ... be a Cauchy sequence in A(, u).
Let E be a compact subset of 2. Choose a number C € (0,00) such that

‘g(z)’2§C~/|g|2du for all z € F and all g € H().
Q

Let € > 0. There exists an N € N* such that

£

For each z € E, and every n,m € N* such that n > N, m > N,

From this it follows that there exists a function f € H(Q) such that

for all n,m € N* with n > N,m > N.

fm—f locally uniformly.

On the other hand, by the Riesz-Fischer theorem, there exists a function f S
L£2(p) such that

fu(2) = f(2) for almost every z € Q
and 3
Tim £ — I =0.

But then f = f almost everywhere. We conclude that f € A(Q, 1) and that
the sequence f1, fo, ... converges to f in the £2-sense. O

The space A(€2, u) is called the Bergman space associated with € and u. The
above theorem states that every Bergman space is a Hilbert space.

15
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THEOREM 4.2. Let Q be a nonempty open subset of C and let v be a Bergman
measure on Q. Then for every z € Q) there exists a unique function K, € A(Q, 1)
such that

f@%jéfiiwt for every f € A(S, p).

PROOF. Let z € Q. Define a linear function
0,: A(Q,u) —C
as follows:
0-(f) = f(2).
Since the set {z} is compact there exists a number C € [0, 00) such that
2
seP e [ 172
for all f € A(S, ). It follows that
6.()] < VC-|If]

for every f € A(Q, p). In other words, the function d, is continuous. We now use the
fact that A(Q, i) is a Hilbert space. According to the Riesz-Frechet representation
theorem there exists a unique function K, € A(Q, u) such that 6, (f) = (f, K) for
all f e A(Q, p). In other words

16 = [ 1Ko
for all f € A(£, ). But this is exactly what we wanted to prove. g

COROLLARY 4.3. Let ) be a nonempty open subset of C and let . be a Bergman
measure on ). Then there exists a unique function
K:QxQ—-C

such that for every z € Q, the function w — K(w, z) is an element of A(Q, u), and
flz)= / fw) - K(w, z) dp(w) for every f € A(Q, ) and every z € Q.
Q

PROOF. Define, for w,z € Q, K(w, z) = K,(w), where K, is as in the previous
theorem. It is trivial to see that this function K has the desired properties. Il

The function K is called the Bergman kernel associated with Q and u. It allows
one to reconstruct the value for any function in any of its points.

We will continue to denote the function w — K(w, z) as K,. Using our inner
production notation we have, for z € Q, and f € A(Q, u),

f(z) =(f,K>).
This leads to a few elementary results.

PROPOSITION 4.4. Let K be the Bergman kernel associated with Q0 and p. Let
w,z € Q. Then

K(z,w) = K(w,z).
PRroOOF.
K(z,w) = Kyu(2) = (Ky, K,) = (K., Ky,) = K, (w) = K(w, 2). O

PROPOSITION 4.5. Let K be the Bergman kernel associated with Q) and p. Let
z € Q. Then
K(z,2) = | K|
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PROOF.
K(z,2) = K.(2) = (K., K.) = | K. ||*. O

COROLLARY 4.6. For every z € €,
K(z,z) > 0.

The following proposition tells us exactly how big a function can become at
a certain point, compared to its norm. It is a direct consequence of the Cauchy-
Schwarz inequality.

PROPOSITION 4.7. Let K be the Bergman kernel associated with Q) and p. Let

z2€Q, fe AQ,u). Then
[F(2)| < VE(z,2) - |If]l-
Equality occurs if and only if f is a multiple of K.
PROOF.
[f(2)] = (f K < IFI- I = 1f] - VE (2, 2).

Should equality occur, then (f, K,) = || f]l - | K.||, but this can happen only if the
function f and K, are linearly dependent. O

PROPOSITION 4.8. Let K be the Bergman kernel associated with Q0 and p. Let
(hi)ier be an orthonormal base of A(2, p). Let w,z € ). Then

K(w,z) = Zhi(w) - hi(2).

iel

PRrROOF.

K. =Y (Ko hi) by = (hi Ko) -hi =Y ha(z) - hi. 0

iel il il
The above proposition tells us that the Bergman kernel can be computed from
orthonormal bases. This will now be the focus on our attention.



CHAPTER 5

The Lebesgue Measure on the Unit Disc

We inspect the Lebesgue measure on the unit disc A. On the unit disc we have

the ‘powers of 27, 3%, 3', 32, .... Clearly every one of these functions is a member
of A(A,N).
LEMMA 5.1. The functions 3°, 3*, 32, ... form an orthogonal set. Furthermore,

||;,"||:1/HLJrl for each n € N.

PRrROOF. Let n,m € N. Then

/ 22 dz
A

1 27
=/ ,0/ "(pe®)m df dp
0 0
1 27
:/ ,0/ pn+m n— m)z@dadp
0 0
if n =
_ o ifn=m .
0 otherwise.

THEOREM 5.2. Let f € A(A,\). Let ag, ai, ag, ... be numbers such that
= Zajzj for each z € A.

Let n € N. Then
T

n+1

(f:3") =

:/Af(z)z”dz
2m

1 PR
[0 soe ey dodp
0 0

/01 P /:ﬂ (g:o %‘<Pe”>j) (pe®)™ d6 dp

1
:w-an/ 2p - p°"dp
0

T
= . . ‘:l
n+1 an

Q-

PROOF.

The difficulty with the above theorem is that the power series for a function
converges locally uniformly. We do not know a priori whether the power series also
converges with the £2-norm. Of course, if it did, the proof would simply be an
application of the preceding lemma.

18
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COROLLARY 5.3. Let f € A(A,\) be such that
fLs”
for each n € N. Then f = 0.

ProOOF. The function f has a power series expansion on the unit disc: f(z) =
aop + a1z + azz® +---. Then (f,3") = 0 for all n € N. But that means that a,, = 0
for all n € N. In other words, f = 0. O

COROLLARY 5.4. Let

1
e,L(z)Z\/n: 2" (z € A,n eN)

Then (en)nen s an orthonormal base for the Bergman space A(A,N).

PROOF. We have just seen that ||e,|| = 1 for all n € N. Let f € A(A,\) be
such that f L e, for all n. Then also f L 3™ for all n. Hence f = 0. O

Note that each function e,, has a norm of 1, but that e,, — 0 locally uniformly!

THEOREM 5.5. Let K be the Bergman kernel associated with the unit disc A
and the Lebesgue measure on it. Let w,z € A. Then

_
(1 —wz)?

(oo}
1 1
K(w,z) = \/n: ~w"-\/n: .Z"
n=0

%Z(wr D(wz)”
n=0

_ 1

(1 —wz)?’

COROLLARY 5.6 (Bergman’s formula). Let f € H(A) be such that

J 1) du < .

flz)= l/A 7f(w) dw.

T Ja (1 —wz)?

K(w,z) =

PROOF.

Let z € A. Then



CHAPTER 6

Rotation-invariant Measures on the Unit Disc

In this chapter we characterize a certain class of Bergman measures. One thing
one might ask about Bergman measures is whether there is any ‘geometric’ property
that characterizes them. For example, every Bergman measure p on {2 must satisfy
w(Q\ E) > 0 for every compact subset E of 2. This property, although necessary,
is far from sufficient. However, if we restrict ourselves to a certain class of measures
the property does become sufficient.

We define a map T from the set of measures on the ‘unit interval’ [0,1) to the
set of measures on the unit disc A as follows.

DEFINITION. Let v be a measure on [0,1). For a measurable subset X of A,
let

T()(X) = | /[ N | et i)

For any measurable function f on the unit disc for which [, |f|dT(v) < oo, we
have

1 27 )
[rarw)=5 [ [ rvmet)asavip)
A [0,1) Jo
Using polar coordinates, one quickly verifies that

More generally, let w: [0,1) — [0, 00 ] be a measurable function. Define the function
@: A —[0,00] by
@(z) = w(|z]?).
Then
T((“))‘[O,l)) = LD)\A
Note that T'(v)(A,) = «-v([0,7%)) for all 7 € (0,1]. In particular, if the
measure v is finite, then so is T'(v), and vice versa.

THEOREM 6.1. Let v be a measure on [0, 1) that is such that T'(v) is a Bergman
measure. Then

v([0,7) <oo and v([r,1)) >0 for each r € (0,1).

PROOF. Let r € (0,1). Choose a number s € (0,1) such that s> > r. The set
Ay is contained within a compact subset of A, and hence T'(v)(Ay) < co. It follows
that v([0,7)) < co. On the other hand, the set A\ A, cannot have measure zero,
by theorem 3.2. It then follows that v([r,1)) > 0. O

Amazingly, the converse of the above theorem is also true.
THEOREM 6.2. Let v be a measure on [0,1) that is such that
v([0,r)) <oco and v([r,1)) >0 for each r € (0,1).

Then T(v) is a Bergman measure.

20
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PROOF. Let E be a compact subset of A. Then there exists a number r € (0,1)
such that £ C A,. Since T(v)(A,) = 7-v([0,7%)) < oo, it follows that T'(v)(E) <
00 .

Define numbers My, My, Mo, ... in [0,00] as follows:

M, :/ mav(t)  (neN).
[0,1)

Let z € A. There exists a number r € [0,1) be such that r > |z|. Choose such
a number. Let n € N. Then

t" dv(t) > " du(t) > P du(t) = u([r 1)),
[z [ eaz [ =)

We see that
M, >0
and
R P S
M, v(fr,1)) Ir
It follows that the power sequence
S Lo
n=0 Mn

converges for every z € A. (Note that there may be some numbers n for which M,
is infinitely large.)

Define a function K: A x A — C as follows:

K(w,z) = %Z ML(wE)" (w,z € A).
n=0 n

Let f,g € H(A) besuch that [, |f|*dT'(v) < coand [, |g|* dT(v) < co. Choose
numbers ag, ai, as, ... and by, by, bs,

... such that, for each z € A, f(z) =
Yoo panz™ and g(z) = > 07 by2™.

We try to express the norm of f as well as the inner product of f and ¢ in
terms of the numbers a,, and b,

We have
1 271'
/|f|2dT 7,/ / (v/pe') | dodv(p
= |an[*p™ dv(p)
(9>
=7y lan|*M,.
n=0

(Note that the above also holds in case [,|f*dT(v) = c0.)
Similarly, we see that

/ fgdlr(v)=m i anbn M,
A n=0

Let z € A. Denote the function w — K(w, z) by K,. Obviously, K, € H(A)
But we also see that

/|K 2 dr(v) %ZML 2.



6. ROTATION-INVARIANT MEASURES ON THE UNIT DISC 22

In particular, [,|K.|*dT(v) < oco. It follows that

[ IR drw) =Y 0 = 12)
A n=0

hence
D < K(z,2) - 24T (v).

The function z — K(z, z) is bounded on compact subsets of A. It follows that
T(v) is a Bergman measure. O

The proof also gives some impression as to what the Bergman space and the
Bergman kernel look like. In particular, we have the following.

THEOREM 6.3. Let v be a measure on [0,1) such that T(v) is a Bergman mea-
sure. If v is finite, the space A(A,T(V)) is infinite-dimensional, and the functions
3, 3, 32, ... form an orthogonal base for that space. If v is infinite, A(A,T(V))
consists only of the constant function 0.

Proor. Let My, My, M, ... and the function K be as in the proof of the
previous theorem.

Suppose, v is infinite. Then the numbers M,, are all infinite. It follows that
K(z,z) =0 for every z € A, and hence A(A,T(v)) = {0}.

Suppose, v is finite. Then the (infinitely many) functions 3°, 3!, 32, ... are
elements of A(A7 T(u)). One quickly verifies that each of these is pairwise orthog-
onal. Hence, A(A,T(v)) is infinite-dimensional. Let f € A(A,T(v)) be such that
f L 3™ for all n € N. By evaluating (f,3") as in the proof of the previous theo-
rem, we conclude that all power series coefficients of f must vanish, hence f = 0.
It follows that the functions 3°, 3!, 32, ... form an orthogonal base for the space

A(A,T(v)). O

All measures in the range of T are rotation-invariant, that is, every measure p
in the range of T satisfies
(e X) = p(X)
for every measurable set X C A and every real number 6. In fact, every rotation-
invariant measure on the unit disc is in the range of 7. (This is the only reason for
introducing T to begin with.)

THEOREM 6.4. Let p be a rotation-invariant measure on the unit disc. Then
there exists a measure v on [0,1) such that =T (v).

PROOF. Let ¢ be the function on the unit disc defined by ¢(z) = |z|?. Define
a measure v on [0,1) by

I, _
v(Y) = —u(p™ (V).
Let ¢/ = T(v). Then p' is a rotation-invariant measure on the unit disc. We are

done if we can show that the measures p and u' are identical. Let a,b € [0,1),
a < b. By definition of v,

ple™([a,b)) =7 -v([a,b)).
And by definition of y’,

2
# (e ([a,b))) = %//0 1¢—1([a,b))(\/ﬁew) df dv(p)

. / 1ot () (VD) dv(p)
=7-v[a,b)).
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Hence, 1(X) = p/(X) for each set X that is of the form ¢~*([a,b)), that is, either
a disc or an annulus with centre 0. Since both p and p’ are rotation-invariant, it
follows that pu(X) = @/ (X) for every set X that is of the form

{zEA:aS|z|2<band97%§argz<0+%},

where a,b € [0,1), § € R and n € N*. But the Borel-o-algebra of A is generated
by these sets. It follows that pu = p’. O

We can now completely characterize all rotation-invariant Bergman measures
on the unit disc.

THEOREM 6.5. Let p be a rotation-invariant measure on the unit disc. Then
w is a Bergman measure if any only if
w(A) <oo and p(A\A,) >0 for every r € (0,1).

THEOREM 6.6. Let i be a rotation-invariant Bergman measure on the unit disc.

If v is finite, the space A(A, u) is infinite-dimensional. Otherwise, A(A, u) = {0}.



CHAPTER 7

The Bergman Kernel and Conformal Mappings

We conclude this paper with the classical result linking the Bergman kernel to
the problem of mapping simply-connected domains onto the unit disc.

THEOREM 7.1. Let 0 and Qo be two nonempty open subsets of C that are
such that there exists a conformal mapping ¢ from €y onto Qs. Then the Bergman
spaces A(Qq, Aq,) and A(Qa, Aq,) are isomorphic.

PROOF. During the proof, the inner products on the spaces A(1, \q,) and
A(Q2, Aq,) will be denoted by (, )1 and (, )2, respectively.
Let f € H(Q3). By the transformation theorem,

[ = [ |t ¢/ e

F €A, Nq,) <= fop ¢ € A, Aq,).
Hence, we can define a linear operator T from A(Qq, Aq,) to A(Q1, A, ) by
Tf=f°¢'<ﬂ/ (feA(Q27/\Qz)')
Let g,h € A(Q22, Aq,). Then
T, 70 = [ g(e(w) - ¢'(w) - helw)) - o) du

971

It follows that

=/Q 9(p()) - h(pw)) - |¢' (w)|* dw

= / g(w) - h(w) dw
Q2
= <g>h>2

It follows that 7' is an isometry.

Let 9 be the inverse of . Then % is a conformal mapping from {25 onto ;.
According to the chain rule for differentiation,

Pop-p =1,
and
oy =1
It is then easy to see that the operator
frefop-yf
is an inverse of T. Hence, T is unitary. O

THEOREM 7.2. Let Q1 and Qs be two nonempty open subsets of C that are such
that there exists a conformal mapping ¢ from 1 onto Q. Let K1 be the Bergman
kernel of A(Q1, Aq,), and let K5 be the Bergman kernel of A(Q2, Aq,). Then

Ki(w,2) = Ka(p(w), (=) - ¢'(w)-9(z)  for all w,z € Q.

24
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PROOF. Let T be the unitary operator that we used in the proof of the previous
theorem:

Tf:fo(p@/ (f € A(QQ7>\92))
Let z € Q4.
Let f € A(Q2,\q,). Then

also
Tf(2) = ¢'(2) - f(p(2))
= QDI(Z) ’ <f7 K2¢(2)>2
=¢'(2) (Tf, TKap:))1

Summarizing, we have

<Tf7 K1z>1 = <Tfa (p/(Z) : TK2<p(z)>1 for all f € A(Q%)\Qz)'

Since T is surjective, it follows that

and

Ky, =¢'(2) TKay(2

= QDI(Z) : K2go(z) op- 50/

O

COROLLARY 7.3. Let Q be an open simply-connected proper subset of C. Let
z € Q. There exists a unique conformal mapping ¢ that maps Q onto the unit
disc and that is such that ¢(z) = 0 and ¢’'(z) > 0. Let K be the Bergman kernel
associated with £ and the Lebesgue measure. Then, for all w € €2,

K(w,2) = =/ (w) - ¢(2),

™

¢ (w) = m - K(w, 2).

PRrROOF. The existence of ¢ is established by the Riemann mapping theorem.
Let KA be the Bergman kernel associated with the unit disc and the Lebesgue
measure. Let w € Q2. Then

K(w,2) = Ka(p(w), o()) - ¢ (w) - 92)
- e
(1= p(w)e()

s
1
s

This proves the first equation.
Since ¢’(z) is positive, it follows that ¢'(z) = /7 - K(z,z). This proves the
second equation.

d

For simply-connected regions, one can construct the Bergman kernel from a
mapping onto the unit disc. Remarkably, we see that one can also do the opposite,
i.e. construct a mapping onto the unit disc using the Bergman kernel. Most of the
time however, computing a Bergman kernel proves to be completely impossible, so
unfortunately this method of constructing a conformal mapping onto the unit disc
is not as useful as it might appear.
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